In this paper we study the gravitational equilibrium of the systems of anisotropic self-gravitating fermions, by extending to General Relativity the solutions obtained in a previous paper. This treatment also generalizes to anisotropic systems the relativistic self-gravitating Fermi gas model, by considering different degrees of anisotropy, and solving the equilibrium equations to obtain the density profiles. We discuss some general characteristics of the models and generalize the relation between the anisotropy and the mass of particles in the relativistic regime.
I. INTRODUCTION
of more recent works on the same topic are given in Refs. [19] [20] [21] ). Extended polytropic models for anisotropic systems can be found in Refs. [22, 23] , whereas examples of models for anisotropic general relativistic fluids are considered in Refs. [24] [25] [26] [27] . Furthermore, some proposals connected to the galactic halos and the gravitational lensing of the dark matter can be found in Refs. [28, 29] .
In this work we extend the Newtonian models of the collisionless semidegenerate Fermi gas, described in our previous paper ( [30] , hereafter Paper I), to GR. In Sec. II we introduce the distribution function and define the thermodynamic quantities, as the tensor pressure and the density, to solve the equilibrium equations. In Sec. III we present the results of the numerical integration, by discussing the characteristics of the models studied. In Sec. IV we derive a relation (valid in the limit of full degeneracy) between the mass of the particles and the anisotropy in the distribution function. Finally, in Sec. V, we draw some conclusions.
II. THE MODEL A. Distribution Function and Useful Variables
The distribution function has the form (see Paper I) 
where T (constant) is the total temperature of the system; L c = mcr a is a constant depending on the anisotropy radius r a , L = mv t r = p t r is the angular momentum of a single particle (m, r, and v t are, respectively, mass, radius, and tangential velocity) while ǫ and ǫ c are the kinetic and the cutoff kinetic energy of a single particle. Since we are considering a spherically symmetric configuration, we have to use the Schwarzschild metric
and the equations of the gravitational equilibrium are given by [15] dP rr dr = − G rc 2 (P rr + ρc 2 )(M r c 2 + 4πP rr r 3 ) rc 2 − 2GM r − 2 r (P rr − P t ) , dM r dr = 4πρ(r)r 2 ,
with the conditions P rr (0) = P rr0 and M r (0) = 0. The metric coefficients are determined by
In order to solve Eq.(3) and evaluate the thermodynamic functions, let us introduce the variables ǫ = p 2 c 2 + m 2 c 4 − mc 2 , ǫ c = p 2 c c 2 + m 2 c 4 − mc 2 , T r = T e −ν/2 ,
Here, ǫ and ǫ c are the variables appearing in the distribution function, T r is the local temperature [31] , x, y, W , θ and β are dimensionless variables. In particular, θ and β are, respectively, the degeneracy and the relativistic temperature parameters. Moreover we have, on the basis of the energy conservation (ǫ + mc 2 )e ν/2 = const. , (ǫ c + mc 2 )e ν/2 = mc 2 e ν R /2 , (µ + mc 2 )e ν/2 = (µ R + mc 2 )e ν R /2 .
Using relations (7) and (8) we obtain also
that we can rewrite as 1 − βW = βmc 2 kT r = T R T r = T e −ν R /2 T e −ν/2 = e ν−ν R 2 . 
B. Thermodynamic Quantities and Gravitational Equilibrium
The thermodynamic variables are defined by relations (see BKMV10)
e (ǫ−µ)/kT − 1 dp , (14)
In the previous relations we have used the polar coordinates of the plane (p r , p t ), where p c is the value of the momentum corresponding to the cutoff energy, and we have rewritten the part of the distribution function depending on the angular momentum by using the Newton binomial relation
In order to transform the integrals of Eqs. (13)- (16) in a more suitable form, following BKMV10, it is more convenient to use the variables x and y [see Eq. (7)] instead of p/mc
By differentiating and using Eq. (7) we obtain: dp = mc y + 1
and, substituting this result into the expressions of the thermodynamic functions we get:
Here, the A k coefficients [34] and the integrals I nk , I ρk and I P k are defined, respectively, by
and the g(x.W ) function is given by (see Paper I)
with θ R = θ(R). In particular, the first three values of the A k coefficients A 0 , A 1 , and A 2 are 2, 4/3, and 16/15, respectively. Thus, the equilibrium equations can be rewritten as
with the initial conditions W (0) = W 0 and M r (0) = 0.
C. Nondimensional Variables
Following the same procedure of the Newtonian case, let us introduce the nondimensional variables
where ξ = (h 3 /gcGm 4 ) 1/2 and a is the anisotropy parameter. The thermodynamic quantities in dimensionless form are:
The equilibrium equations then become:
with the initial conditions W (0) = W 0 andM r (0) = 0.
III. RESULTS OF THE NUMERICAL INTEGRATION

A. Evidences of the Anisotropy
In order to explicitly analyze the effects of the presence of the anisotropy in the equilibrium configurations, following the Newtonian treatment, it is useful to define the parameter η
Since this definition is the same showed in BKMV10, we expect a similar trend, by analyzing the behavior of η starting from the center towards the boundary of the equilibrium configurations. The
Figs. 1, 2 and 3, in fact, confirm what we expect: both in the limit r → 0 (at the center) and in the limit r → R (at the edge), we see that the ratio P rr /P t → 1 and η reaches its maximum value (η max = 1), by showing a prevalence of isotropic motion of the particles. In the intermediate zones, we instead can note a decrease of η until to its minimum value (which cannot be less than η min = 0.5), clear gauge of the prevalence of tangential motion.
From Eq. (36) we can also study the behavior of η as a function of the temperature parameter β, both in the limit β → 0 and in the limit β → ∞. In the first case, we note that β/(1 − βW ) → 0 and η → 1 (furthermore the expressions of I P 3/2 and I P 5/2 in Eq. (36) tend to the corresponding ones in the Newtonian limit). In the second case, we see that β/(1 − βW ) ≫ 1 and thus η → 0.5 (see Figs. 2 and 3) .
B. Mass -Central Density Diagrams
In this section we aim at describing the mass -central density diagrams. In Fig. 4 we represented the effects of the anisotropy with changing the parameter a at fixed values of β. We may note that a larger degree of anisotropy requires the existence of configurations with smaller masses. If indeed we fix the value of a and vary the value of β (see Figs. 5 and 6), we may note that configurations with high values of β have a total mass generally larger than configurations with small ones (i.e., the Newtonian limit). In particular, it is interesting to note how the value of β affects the level of degeneracy in the equilibrium configurations, due to the constraints (10) and the condition θ ≤ W that implies θ R ≤ 0 (for more details see Paper I).
In Fig. 7 we show the behavior of the equilibrium configurations in the isotropic limit, which is recovered for a → ∞ (but a = 1 already constitutes an excellent approximation of this limit). In this diagram we have pointed our attention to the influence of the degeneracy level on the equilibrium configurations. To do this we have constructed some curves for β = 10 −5 and β = 10 3 choosing four values of θ R : 0, −2.31, −5, −10. Considering the curves at β = 10 −5 , in the degenerate limit and for large values of the central density, we observe the four curves follow the same behavior whereas, for smaller values of ρ 0 , we note a split of them in correspondance of the bifurcation point.
In particular, the curve with θ R = −10 reaches higher values of the mass than the other three and present a local maximum before the bifurcation point. When we refer to the semidegenerate limit we do not see an overlapping of the curves and, like the previous case, the curve with θ R = −10 reaches again the highest values of the mass. For β = 10 3 we observe a more regular behavior where the curves at smaller values of θ R show higher values of the mass.
C. Density Profiles
By considering l = 1 in Eq. (1) and integrating Eq. (35), we can construct the density profiles of the configurations. Expressing in terms of nondimensional quantities, we havẽ
The variation of the anisotropy parameter remarkably influences the behavior of the density function. From Eq.(37), in the limit a → 0, it follows immediately that the second addend prevails, implying a general increase of the densityρ and, in particular, of its maximum value. In Figs. 8, 9, and 10 we have represented the quantity ρ/ρ 0 as a function of the dimensionless radial coordinate r/ξ, for different values of a, β, W 0 and θ 0 .
In Fig. 8 we show the behavior of the density profiles, once fixed the values of a and β by varying the value of the central degeneracy parameter θ 0 . One can see how the value of the maximum increases by decreasing θ 0 and its position tends to move in the direction of the periphery of the configuration. The trend of the density profiles, also in relativistic regime, shows the existence of hollow configurations and confirm the results obtained by Nguyen and Pedraza [27] and by Ralston and Smith [35] , giving a clear indication that the presence of the anisotropy is the reason of this kind of configurations.
Figs. 9 and 10 show the influence of the temperature parameter β on the density profiles. If we look at Eq.(37) we see that, in the limit β → 0, the second term in the sum becomes negligible and we recover the behavior typical of the isotropic systems. On the contrary, in the limit β → ∞, the curve comes back to the behavior of the hollow systems. In Tables I, II and III we summarize some results of the numerical integration for particular values of a, βW 0 , β and W 0 .
IV. LIMITS ON THE PARTICLE MASS
In Paper I, we derived, in the limit of full degeneracy, an analytical expression relating the mass of particles with the anisotropy in the momentum distribution. According to the relation obtained, an increase of the anisotropy within the distribution of velocities provoked a decrease of the lower limit of the particle mass. On the contrary, when the system recovered the isotropy, we noted an increase of the limiting mass. In order to extend this result to the GR regime, we have to consider a new parameter not considered in the Newtonian regime, i.e. the temperature parameter β. Let us rewrite the definition of the density ρ as
In the limit of full degeneracy [i.e., θ R → 0 and
with α = 1 − βW . Then, we transform the integral as (see Appendix)
Equation (40) is a general expression corresponding to any values of l. In our case l = 1, then
and, solving for the mass, we have
We could compute Eq.(42) at the center (with α 0 = 1 − βW 0 ). We get Thus
We may also write Eq.(44) as m ≥ m * F (a, r, β), where we defined
as the "dimensional" mass and F (a, r, β) by
The Figures 11 and 12 show the behavior of the function F .
V. CONCLUSIONS
The goal of this paper is a complete understanding of the properties of the systems composed by anisotropic self-gravitating fermions in GR regime. In order to make an analysis of the various aspects, we considered the effects of the anisotropy on the motion of the particles (via the η parameter) and on the distribution of the matter (via the density profiles and the mass -central density diagrams). In addition, we have schematized the configurations constructed through the parameters β, θ 0 and a, by establishing, in Sections III A, III B and III C, a "standing of their influence" according to the order β, a and θ 0 . By referring to the kind of motion of the particles,
we have recovered the same behavior found in the Paper I and, in the classical limit, the same results obtained in BKMV10. In particular, Figs. 2 and 3 show the importance of the influence of the β parameter; configurations with an higher "degree of relativity", described by the β parameter, present a strong prevalence of tangential motion.
If we now consider the density profiles, we see clearly the behavior typical of the hollow systems [27, 35] and, in the Paper I, we have argued the possibility to set the value a = 0.1 as the critical threshold for the triggering of the hollowness. However, in the relativistic regime, the things appear quite different, due to the presence of β. If we look at Fig. 10 , we do not see evidences of hollowness;
on the contrary, the trend of the profile is very similar to one obtained by Ruffini and Stella [36] , by using the distribution function (1) in the isotropic limit L c → ∞. By looking at Fig. 9 , we can say that the hollowness appears for a = 0.1 but with β ≥ 0.1, at least. It should be noted, in Fig. 14 , that the maximum value reached for a = 0.1 is smaller than the corresponding ones obtained for a = 10 −5 and 10 −3 .
It is also necessary to study the dynamic stability of the equilibrium configurations constructed in this paper and in the Paper I. In spite of the presence of the anisotropy in Eq.
(1), we could draw conclusions about the dynamical stability by advancing a general criterion for the anisotropic systems in terms of the polytropic exponent γ. This problem will be addressed to a forthcoming publication.
Appendix A: Integral of Eq.(39)
We give the proof of the following formula [see Eqs. (39) - (40)]
The first step is to change the variable, by defining z = βx + α. The integral in Eq.(A1) becomes
Integrating by parts we obtain
Then, making the substitution z = α cosh(y) in the integral of Eq.(A3) and integrating by parts, we have
The last term, integrating by parts, becomes
and, substituting it in Eq.(A4), we get
Finally, by inserting this expression in Eq.(A3) and simplifying, we arrive to
that is the expression of Eq.(A1). The quantities are dimensionless. The quantities are dimensionless. 
